In a previous paper with the same title [7] , we studied a scattering problem for the nonlinear wave equation
For the existence of the scattering operator, it is necessary to solve the Cauchy problem for (0.1) with -°o initial time. Let Wo~(t) be a solution of the free wave equation , s=----2~ and rf = (nWe consider the integral equation (0.5) in this space V. Then a contraction mapping principle is applicable, and we have a unique solution w(t)^ V, which also satisfies (0.10)
\\w(t)-w Q -(t)\\ s , g -+Q as f->-oo.
For the purpose of the scattering theory, however, (0.10) is insufficient.
What we like to show is (0.11) IMO-wfCOIU-'O as /-*-oo.
In [7] we treated (0.5) in the space Vi? 9 , where q and d are given above.
In this case (0.11) directly follows from (0. Note that (2.9) coincides with (0.5) if wo(t) = wo~(t) 9 a=-oo and ; = oo. In this section we treat the solvability of (2.9) in the space V-Vs,g with q satisfying the following conditions: Proof, (i) As is easily seen, (2.12) ~ (2.14) are reduced to the following three inequalities :
-Ar^-, ---£^7 and ±<d , pn pq p from which (2.16) follows. The lower bound r(n) of (0.3) comes from the first and third inequalities of (2.16). On the other hand, the upper bound (n + $)/(n -1) of (0.3) is obtained by the first and second inequalities of (2.16). The rest of assertion (i) is obvious.
(ii) (2.17) and (2.18) follow from (2.5) and (2.6), respectively. D Remark 2.5. The second inequality of (2.13) and the first inequality of (2.14) yield the condition
The number p(n) is known to be the critical power for global existence of solutions of (0.1) (see John [5] and Glassey [3] ). Of course we have p(n)< r(n). In this section we use Proposition 2.2 and Proposition 2.1 (ii) to obtain energy inequalities corresponding to (0.12) of each solution wf(t)^ V of (2.9). To this end we require the condition I<p<(n + 3)/(n -1). So, in the following the pair (<?, p) is restricted to satisfy (0.3) and (0.9). Note that the double convolution mollifier (2.11) is usefull in obtaining relation (3.12) (see Ginibre-Velo [2] ).
Proof, (i) The first inequality of (2.12) and the second inequality of (2.13) are reduced to the condition
This gives the above embedding.
(ii) (3.11) directly follows from (3.10) and (2.24) if we note the Young inequality \hj* wf(t)\\ P+l <\\hM\wf(t}\\ P+ i.
(
iii) Let us consider j * wf(t + v))-F(hj * wj*(t))}dx
By the mean value theorem
F(hj * w h being even, this implies that -e)w i a (t)){wf(t + ti-
Applying the Holder inequality, we then have jf <#{l/ x Hence, noting (3.5) and (3.2) with p=q', we can let ^-*0 to obtain (3.12 On the other hand, if we let t-> + 00 in (1.3), then it follows from (4.7)+ and (4.9) that ||u;o + (0)|| e 2 <|ko-(0)|i e 2 .
These prove (1.6), and the proof of Theorem is completed. D
